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Ahstract; In this paper we introduce the concept of controllability into a closed subspace for time-varying lincar systems. Various
characterizations are given and the dual relation is discussed. This concept is used to prescnt a necessary and sufficient condition for
thc stabilizability of systems with cxponential dichotomy.
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l. Introduction
The purpose of this note is to give necessary and sufficient conditions for the stabilizability of systems
which possess an exponential dichotomy and to determine a state feedback which stabilizes the system.
For time-varying linear systems of the form
where l ( ' ) ,  B( ' ) ,  C( ' )  are cont inuous real  va lued nxn,  nxnt ,  p  Xn matr ices,  resp. ,  def ined on R.
Ikeda et al. [4,5] have shown that there exists a feedback matrix to stabilize (1.1a) if the system is
uniformly completely controllable. As far as we know no attempts have been made to weaken this
condition, similar to the stabilizability concept for time-invariant systems, see for instance Kwakernaak
and Sivan [1U. It seems that a satisfactory weakening can only be given for certain classes of time
varying-systems. For those which have an exponential dichotoniy this is possible. The idea is simple: The
trajectories of a system which possess an exponential dichotomy split (roughly speaking) into two closed
subspaces: one which consists of motions exponentially bounded from above, the other of exponentially
bounded motions from below. Now to stabilize, it suffices to require that every unstable motion can be
controlled, not necessarily to zero, but into a stable one. Thus the concept of complete controllability into
a closed subspace will play an important role.
In Section 2 complete controllability into a closed subspace w.r,t. the system (1.1a) is defined. Various
characteizations of this concept are given. The dual properties are analyzed in Section 3. Finally in
Section 4 we introduce systems which possess an exponential dichotomy and derive a feedback matrix
F(') which stabilizes (1.1a) if it is uniformly completely controllable into the stable subspace.
* This papcr was written while the first author was on leave at the Institute of Mathematics, Technical University (}raz. Thc support
of the university and the hospitality of the Institute are gratefully acknowledged.
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controllable in the usual sense if w(to, lr) is positive definite. we say wr(to, tr) is
PJ(t0)R" if for all non-trivial vectors 4 € Pf(t.)R" we have qrWzeo,l,)a > ö.
2.2. Definition. The system (1.1) is similar to
t ( t ) :  A ' ( t ) z ( t )  +  B ' ( t ) u ( t ) ,
y ( t )  :  C ' ( t )  z ( t ) ,
o f
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positiue definite on
(2.aa)
(2.4b)
i f  there exists a continuously- differentiable invertible matrix Z(-) such that z(t):T t(t)x(t). lf
additionally T('), T-'( ') and 11.; are bounded, (1.1) is kinematically similar to (2.4).
The following remark shows how the foregoing notions change under similarity. The proof is via direct
calculation where
w i ? o ,  t r ) :  r  t ( t o ) w r ( t o ,  r r ) z  r r ( r u ) ,  p ; ( t ) :  T  t ( t ) p r ( t ) T ( t ) .
2'3. Remark. (i) (1.1a) is completely controllable into 'y'', iff (2.4a) is completely controllable into
r - ' ( . )v " r ( . ) .
(rr)W2Qo,lr) is positive definite on Pf(lo)R' iff W;(to,lr) is positive definite on plr(1,,)R".
Now we can state the main result of this section which characterizes the concept of controllability into a
closed subspace.
2.4. Proposition. The following are equiualent:
(i) (1.1a) is completely controllable into'y'.r.
(11) Let t0€R be arbitrary. Then euery non-triuial solution /(.): Xr(to,.)pl(t)q of the adjoint
equat ion iQ):  - , l r1 t1yQ\ has the property  yr( )B( . )=0 on I tu ,  .o) .(l1l) For euery toeR. there exists some tt> to such that Wz(to, tr) is positiue definite on Pl(t)R,".
Suppose (1.1a) is completely controllable into "/', at time r,,. Then condition (iii) implies the existence
of a finite time /, such that every xo € R" at t0 can be controlled into fr(tr) in time tt - to.
For the proof of Proposition 2.4 we need a lemma:
2.5. Lemma. For arbitrary tu< t, the following are equiualent:
(i) WzQo, tr) is positiue definite on Pl(t)R".
( i i )  im  4 ( to ,  r r ) :  P r ( ro )R ' .
(i l1) The map q i 6" - P2(to)R n,
u( . )  *  [ "  x l t o l  r r x -1 (s )B (s )  a (s )  ds
' t o
satisfies im g: P2(lo)R'.
€^ denotes the vector space of continuous m-vector functions. We delete the proof, it can be carried
out in the spirit of Knobloch and Kappel [9], p. 103.
Proof of Proposition 2.4. To simplify the proof we introduce a further condition:
( i i ' )  For  every t0 e R there ex is ts  a t t> to such that  / ( . ) :  Xr( to,  . )pr( t )q *  0 impl ies yr( tyB(t ) :0
for all t e [lo, lr].
Because of Remark 2.3 we assume without loss
follows: (i) <+ (iii) + (ii') + (iii).
( i) - (i i i): For (t6, xo) e R X R' there exist r, > ro
x r  : x o +  / ' B ( s ) u ( s )  d s €  P r R " .
J  t n
Then
of  general i ty  A( . ) :0 ,  X( . ) :  1 , ,  and proceed as
and an input vector u(.) such that
: I '" ' tr"1t1r'r(s) ds'P r ( r r - x o ) : - P r x o
'r < / ror ((t)tQ)?a)((t)v - c)), ,((r)v - a) : ((t)se),a ),((r)r - c)
'(r)s(t),a(r)v - .(e)ae),a): ((t)a(l,a)((t)v - c)
'"t:o(Q)v-ct)
stoleredo aqt eurJap e,^A elqerlueJeJJrp saurn I - u ere g puu V Jl
'[q] 'te ta uueuqcll aas slrelep roC
'I + eI:la
elnJ uorleorld4lnu qlr.,r Surr yeruou,{1od-./r\els eselouep
( ."1 ..u-')
\*=r'7>r> 
o'//'='Il'ct'I T /: lqlz'
puu I <-{' Z' * /1" :q,{q palouep s\ Zr uo rolzrado l€rtuaroJJrp oqJ
'suorlJunJ crydrotuoreu 
IeaJ Jo FS arll :: fu.
'suorlcun; cr1,(1eue IeaJ Jo les o\! ::p
:suorl?lou atuos acnpoJlul e/$, 
'uorleler eruudoc e
ro xlrletu fltltqulorluoc 3 Jo sturel ur pazuelcBreqc eq uec ecedsqns pesolc e olur ,{lqrqelloJtuoc aleldtuoc 'sacttletu 
ct1,{1eue For äJB g pu€ V ßql uorldtunsse eql ropun aoqs o,r uorlces srql elelduoc oa
I 
'uolltlpsrluoc Äq elerperurur sr;oord eql',UJd uo olrurJep e,trlrsod sr (rt '01)ztLl teql serldrul
llr'otf=r eruosroJ O+ U)S(t)r{ - 0+b:d: (.)r
uorlecrldrur aql I/ > 0/ ,{rerlrq,re JoJ l€ql a,rord o1 secrJJns lI :(II) - (,ll)
'EE 'd [0I] )1eeure{e.ln) pue qrolqou;q o1 . 1sno8o1euy :(,rr) e (n)
'(rrr) slctpsrluoc qcrq,^d.
ot <rt It€ roJ 0: sp bfa(s)ru(syuzarn",'[ :b(r ,ot)zt4rb
ueqr
-or < t 11e rc1 g: (r)aza1n : (t)u (t)r{
selJsrles 0 + b:d eruos luql ärunssv 
'uorlcrpuJtuoc ,{g :(n) r (ttt)
', 
UId = (It)r sa,rord srqa
_ 
nr, 
I 
ntr \
' 
g : o xzl ( rr'0i ), z,44sp fa ( s )ra ( t ) g'a,,J - o xzd : ( rn ( s )r? ( s ) a,,J +' *'a 
)'a
4S
AJ
,L
qr
r)
oc
tba
9'7
'Il < / ro;
.rl>/>olroJ
Surur;eq 
'"Ufd uo olrurJep e,trlrsod st (rt ,ot)2714 rcgl
se,l13
0l o*'d 
('t'ot)r,rU(r)rg 
- 
| 
: tt ln
qcns 01 < l/ slsrxa araql uorldunsse Äg
',Nrd = sp (s)n ftla,',jl +oxzd+ 0rrd: (,r)"
leql qrns (.;r suorlcun3
IorluoJ pue 0/ < Il äwos ,U x U = (0r .01) rred ,{rerlrqre uE JoJ aururJelep ol sacrJJns U :(l) - (lll)
'(nr) uo4rpuoc splerf sryt S'Z euuel fg
ltuo1oqtp lnuuauodra qlru srua1s[s /o 1111r1nzt1ryo1g / utay 
.g ,uuDtutlql -V
nL(.
A. Ilchmann, G. Kern / Stabilizabilit!- of s,vstem's with exprnential dichotom.v
2.6. Proposition. Let A and B be real analytic matrices and tk \: k. Then the following statements are
equiualent:
(i) (1.1a) is completely controllable into'/'r.
( i i )  r k [ p r ( r ) B ( t ) , . . . , ( D -  A ( t ) ) " - k ( P 2 ( / ) B ( / ) ) ]  : n - k f o r a l l  / € R \ N .  l , , t  i s a d i s c r e t e s e t .
(nr\ There exist U(Di)€-// lD\"x", V(D)e-//[Dl^x" such that for all t eR,
p r ( t ) :  ( n  - z ( r ) ) .  t / ( D )  +  P r ( t ) B ( t ) ' v ( D ) .
These characterizations generalize complete controllability in the usual sense. Suppose Pr:1,. Then
condition (ii) was proved by Silverman and Meadows [14]; in the time invariant case it was derived by
Kalman [8]; condition (iii) was shown by Ilchmann et al. [6]; and for time-invariant systems it is known as
the left-coprime condition on (sI - A) and -8, see Rosenbrock [12].
The following is an immediate consequence of the proof of Proposition 2.6.
2.7. Proposition. Suppose the matrices A and B are n- k-7 and n- k times continuously differentiable,
respectiuely. Then the system (1.1a) ls completely controllable at time t, into'1", if there exists some tr> to
such that
ru l r , l tS  n1 t ) , . . . ,  (D  -  ,q ( t ) ) '  o  ( r , ( ,  )B( /  ) ) ]  :  n  -  k
for a set of points dense in lto, trl.
proof of Proposition 2.6. We have: If (1.1a) and (2.4a) are similar via Z and 7 is /-times differentiable,
then
T ( t ) ( D I , -  A ( r \ ) ' ( a ( , ) )  :  ( D  -  A ' ( r ) ) '  (  B ' ( r ) )  f o r 0  <  r <  /
(see Ilchmann [7], Lemma 3.1). Furthermore
x  1 ( r ) ( D  - . q ( t ) ) x ( r )  :  D .
Hence it suffices to prove the proposition for A(.)= 0. Let S€ R"x" be an invertible matrix such that
f  r  o l
s  ' P , s :  I  ' A  r .'  L 0  0 l
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2t5
0
.
0
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.
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(1.1) is called completely reconstructible w.r.t.'1"2 if every xr € Rn is reconstructlble w.r.t. "l'z at any
time to € R.
Analogous results to that of Section 2 can be derived by use of the matrix
Hr ( t , r ,  t ) :  r r ( t - )  l . ' "  x ' 1 r ,  r  , ) c r ( s )c (s )x (s ,  r  , )  dsp f ( r - , ) .
As an expected result we state without proof the following dual relation.
3.2. Proposition. The system (1.1) ls completely controllable into '/', iff its dual system (3.1) ,s completely
reconstructible w. r.t. l'r.
It is straightforward to define the concepts of complete reachability from
ity w.r.t. y'', and to prove its dual relationships.
4. Stabilizabilit-v of systems with exponential dichotomy
r 2 and complete observabil-
In this section we consider systems of the form
* ( t ) : A ( t ) x ( t ) + B ( t ) u ( t ) ,  t > 0 ,  ( 4 . 1 )
where,4(.), B(.) are continuous real valued nx n, n x z matrices, resp. Additionally it wil l be assumed
that its homogeneous part possesses an exponential dichotomy, i.e. there exist positive constants K, L, a,
B such that
l X ( l ) P r x o  |  <  K  e - " ( /  ' )  l X ( s ) P r x o l  f o r  t ) -  s ,
l X ( t ) P r x o l  < Z  e  p t " ) l  X ( s ) P r x o l  f o r s ) / ,
l P r ( r ) l < M  f o r t > 0 ,
(4.2)
for all xn € Rn. Using the notation of Section 2, l', and "/", consist of the motions exponentially
bounded from above and below, respectively. Clearly, every time-invariant system X(t): Ax(t) with A
having no eigenvalues on the imaginary axis has an exponential dichotomy. For a discussion of
exponential dichotomy see, for instance, Coppel [1]. We want to determine a feedback matrix F(') such
that the closed-loop system
* ( r ) :  ( t +  a r ) Q ) " ( t ) ,  t > 0 ,
is uniformly asymptotically stable. It is well known that for many control problems of time-varying
systems, uniformity constraints are necessary, cf. Kalman [8]. In our approach this becomes as follows:
4.1. Definition. The system (a.1) is uniformly completely controllable into 'l', if there exist positive
constants o, a, b such that
a l , < W r ( t , t r o ) < b l ,  o n P f ( r ) R ' f o r a l l t > 0 .  ( 4 . 3 )
I f  ( 4 .1 )  i sbounded ,  i . e .  lA ( t ) l  <c  and  lB ( / ) l ( c  f o r  some  c>0 ,  t he  second  i nequa l i t y  i n  (4 .3 )  i s
automatically satisfied. See Lemma 1 in Silverman and Anderson [1 3].
A straightforward calculation shows that uniform complete controllability into a subspace is invariant
under kinematic similarity. To stabilize system (4.1) we have to introduce the following matrix:
f i r ( t ,  t  +  o )  :  x@P21,  x  1 (s )B(s )Bt ( r )X  t t ( r )  e -zd ' ( t  ' r  asp iXr ( r ) (4.4)
'sp 1" 1y,o7-a (s 'r)fx1s)fa(s)za (, ',)rx,*,ll: (o + t .t)rA
eJeq,^A
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The feedback law becomes
u( t )  :  F ( t )  x ( t )  :  -  i a i ? )v ; ' ( t ,  t  +  o )x r ( t )
where the closed-loop system is of the form
i , ( r )  :  A , ( t ) x , ( t )  -  + B J t )  B ; ( t ) v ; \ ( t ,  t  +  o ) x r ( t ) ,
i , ( t )  :  l e r ( , )  -  + 8 , ( t )  B l ( t ) v ; \ ( t  ,  I  +  o  ) ]  " r ( t ) .
Ikeda et al. [5], Theorem 3.1, proved that the free motions of (4.11) are uniformly asymptotically bounded;
more precisely,
l x 2 ( / ) l  ( c r  e  d ' ( r  s ) l " r ( r ) l  f o r  t > s > - 0
for some cr > 0.
Using Variation of Constants, (4.10) becomes
r , ( r )  :  x , ( r ,  s ) x 1 ( s )  -  i  [ , ' x r { t .  r ) B r ( r ) B [ ( r ) v y t Q ,  r  +  o ) x r ( r )  d r .
Ler cr': !Kca 'r, e'oo' and apply (4.2), (4.8), (4.6) and (4.72) to (4.13). Then
l x l ( / )  |  { K  " - o " - " ) l x r ( s \ 1 + c r l " ' x e  d ( /  7 ) "  a ' ( t  s ) l x r ( s )  |  d r .
Because a '> c we obta in
l x , ( r )  |  < K  e - a ( r - r ) 1 " , ( r )  1 *  f : ; [ e  
" r , ' r - e  d ' { , , , ]  l " r { r ) l
( c , e  o ( r  " ' l l " r ( r ) l + ( 1 - . ( c  o ' x r  " ' ) t " r ( r ) t l
(  c ,  e - " ( r  "  [  1 " , ( r )  1  +  l x t ( s )  1 ]
(4.10)
( 4 . 1 1 )
(4.12)
( 4 . 1 3  )
(4.14)
) )
(4 .15)
where c,  ' :  max{  K,  cr / (a ' -  " ) } .
Finally, (4.72) and (a.15) give (4.9). tr
Proof of Proposition 4.3. Clearly, F(.) defined by (4.9) is bounded if (4.1) is bounded and the uniform
complete controllability condition inl"o'y'/, holds. To prove that uniform complete controllability into'l',
is also necessary, note that Silverman and Anderson [13] have shown that
l W ( t r ,  / r )  l t  <  k  f o r  a l l  t r >  t r > 0
is valid for some k > 0 if (4.1) is bounded.
Thus the right inequality in (4.3) holds and it remains to prove the left inequality. This can be done in
the same way as with Ikeda et al. [4], the necessity part of the proof of Theorem 3. tr
The results of this section also hold for a slight generalization of exponential dichotomy, we can assume
a and B in (4.2) to be arbitrary real numbers.
Without proof we state further results.
4.4. Remark. Suppose (1.1) is uniformly completely reachable from'/', (defined in an analogous way).
Then there exists a feedback F(') such that the motions of the closed-loop system
* ( r ) :  ( A +  B F ) ( t ) " ( r ) ,  t > 0 ,
are exponentially bounded from below, i.e. for some .K > 0,
l " ( r )  |  (  , (  e  F t '  t r  1  x ( s )  l ,  s  > ,  t  > -  o .
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